Abstract. Let H be a compact p-adic analytic group without torsion element, whose Lie algebra is split semisimple and N H (G) be the full subcategory of the category of finitely generated modules over the Iwasawa algebra Λ G that are also finitely generated as Λ H -modules, where G = Z p × H. We show that if the class of a module N in the Grothendieck group of N H (G) equals to the class of a completely faithful module, then q(N ) is also completely faithful, where q(N ) denotes the image of N via the quotient functor. We also generalize Theorem 1.3 of Konstantin Ardakov in [1] .
Introduction
In [6] the authors state the GL 2 main conjectures for elliptic curves over Q. For such an elliptic curve set F ∞ = Q(E[p ∞ ]), i.e. the extension of Q with the coordinates of the p-division points od E. By Weil pairing, Q(µ p ∞ ) ⊂ F ∞ , hence F ∞ contains Q cyc . Now set G = Gal(F ∞ /Q) and H = Gal(F ∞ /Q cyc ), we have that Z = G/H ≃ Z p . One is particulary interested in the Pontrjagin-dual of the Selmer group of E, i.e. X(E/F ∞ ) = Hom(Sel(E/F ∞ ), Q p /Z p ). There is an important left and right Ore set in Λ G , S * and one can define the category of finitely generated S * -torsion Λ G -modules M H (G) (for details see [6] Chapter 2).The first conjecture in [6] states that under suitable assumtions, X(E/F ∞ ) is an object of M H (G). It also can be shown that a module M ∈ M H (G) if and only if M/M(p) is finitely generated over Λ H , where M(p) denotes the p-primary submodule of M. Now we see that the category N G (H) contains all the quotient modules of the form M/M(p), so it gives us a functor from the category M H (G) to N H (G). Hence we have a map ϕ :
If we assume that G has no element of order p, then mainly as a consequence of Quillen's theorem on localization sequence, we have a surjective map
One can define the characteristic element of a module M as an inverse image of [M] with respect to this surjective map, so if the conjecture stated above is true, we can define the characteristic element of the dual of the Selmer group of E. The main conjecture states that if other conjectures hold (one is what we already mentioned and the other is that the p-adic L-function, L E exists in K 1 ((Λ G ) S * )), then L E is a characteristic element of the dual, i.e. of X(E/F ∞ ). Knowing that competely faithfulness is K 0 -invariant in K 0 (N H (G)) in the sense of above can bring us closer to determine completely faithfulness via the characteristic element in K 1 (Λ(G) S * ). In [4] the authors find examples where the dual of the Selmer group is completely faithful. The question whether or not this is true for any ellipitic curve was raised in [5] . As a side effect of our investigation we give a slight generalization of a theorem of Konstantin Ardakov (see [1] Theorem 1.3) , namely instead of G = Z × H where H is an open subgroup without torsion element and its Lie-algebra is split, semisimple we let its Lie-algebra be the direct product of a split, semisimple and an abelian Lie-algebra.
Preliminaries
2.1. Iwasawa algebras. Let p be a prime number. We will work with modules over Iwasawa algebras
where G is a compact p-adic analytic group. The Iwasawa theory for elliptic curves in arithmetic geometry provides the main motivation for the study of Iwasawa algebras, for example when G is a certain subgroup of the p-adic analytic group Gl 2 (Z p ). Homological and ring-theoretic properties of these Iwasawa algebras are useful for understanding the structure of the Pontryagin dual of Selmer groups and other modules over the Iwasawa algebras. For more information, see for example [3] or [5] .
2.2.
Fractional ideals and prime c-ideals.
2.2.1. Fraction Ideals. Let R be a Noetherian domain, then it is well-known that R has a skewfield of fractions, Q(R). Recall that a right R-submodule I of Q(R) is called fractional right R-ideal if it is non-zero and there is a q ∈ Q(R), such that q = 0 and I ⊆ qR. One can define fractional left R-ideals similarly. When it is obvious what ring we mean, we just call it a fractional right or left ideal. If we have a fractional right ideal I, one can define its inverse
Of course we can define the inverse for fractional left ideals. Let us consider the dual of I, i.e. I * = Hom R (I, R). This is a left R-module and there is a natural isomorphism u : I −1 → I * that sends an element i ∈ I −1 to the homomorphism induced by left multiplication by i. The following lemma is useful to compute I −1 .
Lemma 2.2.1. Let R be a Noetherian domain and I be a non-zero right ideal of R.
Prime c-ideals.
Let I be a fractional right ideal. The reflexive closure of I is I := (I −1 ) −1 . This is also a fractional right ideal and it contains I. I is called reflexive if it is the same as its reflexive closure, i.e. I = I. One can say equivalently that I → (I * ) * is an isomorphism. The next proposition will be quite useful.
Proposition 2.2.2. Let R ֒→ S be a ring extension such that R is noetherian and S is flat as a left and right R-module. Then there is a natural isomorphism
for all finitely generated right R-modules and all i ≥ 0. A similar statement holds for left R-modules. If moreover S is a noetherian domain, then (i) I · S = I · S for all right ideals I of R,
Proof. We omit the proof of this proposition. It can be found in [2] Proposition 1.2.
Another important result is the following Proposition 2.2.3. Let R be a noetherian domain and I be a proper c-ideal of R. If there is an element x ∈ R such that x is non-zero, central in R, R/x · R is a domain and x ∈ I then I = x · R.
Proof. For proof see for example [1] Lemma 2.2.
2.3. Pseudo-null modules. Let R be an arbitrary ring and M be an R-module. Recall from [2] 
The category of pseudo-null modules C is a full subcategory of mod(R), i.e. the category of finitely generated right R-modules and is "localizing" in the sense that it is a Serre subcategory, i.e. if 0 → A 1 → A → A 2 → 0 is a short exact sequence of right R-modules, then A lies in C if and only if A 1 and A 2 lie in C and any R-module has a largest uniquesubmodule contained in C. Let R be a noetherian domain. Since C is a Serre subcategory we can consider the quotient category and the quotient functor q : mod(R) → mod(R)/C. . We will use a useful fact in K-theory that basically tells us how many relations we have whenever two modules have the same class in K 0 (N H (G)).
However
2.6. Completely faithfulness and K 0 invariance. Theorem 2.6.1. Let p ≥ 5. Let H be a torsion-free compact p-adic analytic group whose Lie algebra is split semisimple over Q p and let G = Z p × H. Let M, N ∈ N H (G) and let q(M) be completely faithful in the sense of 2.3.
Remark 2.6.2. One can think of G as Γ 1 which is the first inertia subgroup of GL n (Z p ) i.e.
In this case G = Z × H where Z ≃ Z p is the centre of G and H is an open subgroup of Sl n (Z p ) that is normal in G.
2.7.
Some well known facts in commutative algebra. We will briefly mention some additional tools we use in order to prove 2.6. First suppose R is a commutative ring, the support of an R-module M denoted by Supp R (M) is the set of prime ideals, P of R such that the localized module M P = 0. If M is finitely generated then Supp R (M) is exactly the set of prime ideals containing Ann R (M). Note that M is torsion-free if and only if M has no N ≤ M R-submodule such that Ann R (N) = 0. We will use the usual notation for the set of all prime ideals of a ring R by Spec(R). It is also well known that the nilradical is the set of nilpotent elements and also the intersection of all prime ideals of R.
Theorem 2.6
Now we are ready to prove what we stated in section 2.6.
The proof Theorem 2.6.
Proof. By Lemma 2.5 we have short exact sequences 2.5.1 such that M ⊕ K = N ⊕ L. By Theorem 2.4 it is enough to prove that N is Λ Z torsion-free. In order to do that recall from 2.7 that it suffices to show that Ann Λ Z (N ′ ) = 0 for all N ′ Λ G -submodule of N. First we show that Ann Λ Z (N) = 0. Since all P ∈ Supp Λ Z (N) contains Ann Λ Z (N) and the nilradical of Λ Z is zero i.e. N(Λ Z ) = 0 and it is also the intersection of all prime ideals of Λ Z , so it is enough to prove that Supp Λ Z (N) = Spec(Λ Z ) . For that we localize in Λ H with the (0) ideal. By Goldie's theorem we get a skewfield what we denote by Q(H). If S is a Λ G -module from the category N H (G) then after localization we get a finite dimensional vector space, Q(S) over Q(H). Since localization is exact and Λ Z is central in Λ G the statement of Lemma 2.5 is still true, so we still have the exact sequences and the equation of diret sums of finite dimensional Q(H) vector spaces that are also Λ Z -modules. Lets suppose indirectly that there is a P ∈ Spec(Λ Z ) such that N P = 0. Localize with P in Λ Z . Since localization is exact and Λ Z is central in Λ G we get short exact sequences
Lemma 3.1.1. Let Q(M) be a finite dimensional vectorspace over Q(H) with a Λ Z action on it and let P be an arbitrary prime ideal of Λ Z . Then Q(M) P is also finite dimensional over Q(H) where Q(M) P denotes the localized module of Q(M) with P .
Proof. Let Q(M) S be the S-torsion submodule of Q(M) where S = Λ Z \ P . This is a Q(H) subspace of Q(M) since Λ Z is central and the set S is multiplicately closed.
We have a short exact sequence of Λ g -modules
After localization with P one can easily see that
We can consider localization of a module as tensoring it by the localized ring so one can deduce that the elements of
) where x ∈ Q(M)/Q(M) S and s ∈ S. Let us observe first that multiplication with and arbitrary element s ∈ S is an injective linear transormation on the vector space Q(M)/Q(M) S hence it is an isomorphism so one can see that using the surjectivity property that every x ∈ Q(M)/Q(M) S can be written as s · y for some y ∈ Q(M)/Q(M) S so every element is of the form (y ⊗ 1) in Q(M)/Q(M) S · S −1 . Since both Q(M) and Q(M) S are finite dimensional, it follows that Q(M)/Q(M) S is also finite dimensional. Let e 1 , . . . , e n be a basis in Q(M)/Q(M) S . We have just seen that (e i ⊗ 1) is a generating system for Q(M)/Q(M) S · S −1 . In order to see that they are linearly independent one easily see that if there is a linear combination of these is also of the form (y ⊗ 1), it is zero if and only if y is S-torsion, but Q(M)/Q(M) S is S-torsion free.
So all the the modules in the short exact sequences remain finite dimensional over Q(H) after localization with P by Lemma 3.1. Then we see that
but that since these are finite dimensional vector spaces over Q(H) we have that Q(M) P = 0 which cannot be since M is completely faithful. So now we see that Ann Λ Z (N) = 0. We are left to prove that N has no N ′ Λ G -submodule such that Ann Λ Z (N ′ ) = 0. Let us suppose that there is one. It means that there is a P ∈ Spec(Λ Z ) prime ideal such that Q(N ′ ) P = 0. By using Lemma 2.5 again we see
but that cannot be since M is completely faithful hence Λ Z torsion-free.
Theorem 2.4
4.1. Generalization of Theorem 2.4. In [1] the author proved that whenever G = Z × H where Z = Z p and M is finitely generated Λ G -module which has no non-zero pseudo-null submodule then q(M) is completely faithful if and only if M is Λ Z torsionfree. We will generalize it to G = Z 1 × H 1 where Z 1 ≃ Z p and H 1 is such that its Lie-algebra is the direct product of a split semisimple and an abelian Lie-algebra. In this case H 1 = Z n p × H where H is such that its Lie-algebra is split semisimple. Let us denote Z 2 = Z n p . We can choose topological generator for Z p ≃ Z 1 i.e. g 1 such that < g 1 >≃ Z p . Now let z = g 1 − 1. Let Λ Z be the Iwasawa algebra over the group
Theorem 4.1.1. Let p ≥ 5. Let G = Z 1 × H 1 where Z 1 and H 1 as above. Let M be a finitely generated torsion Λ G -module such that it has no non-zero pseudo-null submodules. Then q(M) is completely faithful if and only if M is Λ Z torsion-free. 
